In this paper, we investigate the effects of degree correlation on the synchronization of networks of coupled identical nonlinear oscillators. Firstly, it is shown both numerically and theoretically that synchronizability is enhanced when the network topology exhibits negative degree correlation. Then, the synchronization dynamics is studied of a network of identical Rössler oscillators under variation of the network degree correlation properties. We observe that negative correlation has a positive effect on the synchronization dynamics of such networks.
Introduction
Synchronization is a common phenomenon in nature, playing an important role in many physical, biological and social systems [Wang & Chen, 2002; Boccaletti et al., 2006] . It occurs when many interacting agents, characterized by a specific dynamical behavior, stabilize in a common evolution over time. This process can be modeled as a network of coupled oscillators (dynamical systems) with a general complex topology, synchronizing over a common evolution.
Typically, the network of interest consists of N identical oscillators coupled through the edges of the network. Each oscillator is an n-dimensional dynamical system with state vector {v i (t) = (v i1 (t), v i2 (t), . . . , v in (t)), i = 1, . . . , N}, described by a nonlinear vector field, say f = f (v i ). The dynamics of each oscillator is perturbed by the output function of its neighbors represented by another nonlinear term, say h = h(v i ). The equations of motion for each oscillator i are given by: 2, . . . , N, (1) where σ is the overall coupling strength. The information about the given static, undirected and unweighed network is encoded by the Laplacian matrix defined as L = L ij , where L ij = L ji = −1, if node i is connected to node j (0 otherwise) and L ii = k i , where k i is the degree of the ith node, i.e. the number of incident edges at that node.
Recently, it has been proposed that the network structure, i.e. the way in which the oscillators are mutually coupled among themselves, can affect considerably (and eventually favor or hinder) the network synchronization (see for instance [Barahona & Pecora, 2002; Wang & Chen, 2002; Nishikawa et al., 2003; Motter et al., 2005a; Moreno & Pacheco, 2004; Oh et al., 2005; Lee, 2005; Yook & Meyer-Ortmanns, 2005] ). A fundamental contribution in this sense was given in [Pecora & Carroll, 1998 ], where it was shown that the eigenratio R = λ N /λ 2 between the highest eigenvalue λ N and the lowest nonzero eigenvalue λ 2 , associated with the Laplacian matrix L, can be regarded as a key-parameter for the network synchronization: the lower the eigenratio R, the higher the network synchronizability, i.e. the network propensity to synchronization [Barahona & Pecora, 2002] . It is therefore meaningful to study how several topological features, characterizing in different ways the structure of complex networks [Newman, 2003b] , can affect the Laplacian eigenratio. For example in [Nishikawa et al., 2003; Motter et al., 2005a] , the scale-free structure -widespread to almost all networks in nature -was found to result in better synchronizability, for increasing values of the power-law degree distribution exponent, say γ. The effects of weighted asymmetric coupling was discussed in [Motter et al., 2005b; Chavez et al., 2004; Huang et al., 2005] . In [McGraw & Menzinger, 2005] , the role of clustering, which is the density of connected triples within the network, was investigated. Moreover, in [Motter et al., 2005b] , it was suggested that the eigenratio R and hence the network synchronizability can be affected by variations of the network degree correlation and clustering.
In this paper we study the properties of ensembles of networks of oscillators which are characterized by the same degree distribution but different degree correlation among the nodes. The presence of nontrivial correlation among pairs of linked nodes has been shown to be an important topological feature of many real world networks [Newman, 2002 [Newman, , 2003a . According to this property, networks are said to exhibit assortative mixing (or positive correlation) if nodes with a certain degree are attached with higher likelihood to nodes with similar degree (disassortative networks are those in which connections are more likely to occur between nodes characterized by different degrees).
Our main finding is that disassortative networks of oscillators synchronize better. More precisely, after giving a brief overview of the concept of degree correlation in Sec. 2, we present in Sec. 3 numerical and theoretical evidence showing that the network synchronizability measured in terms of the Laplacian eigenvalues improves when the network degree correlation is negative. To explain the observed phenomena, appropriate theoretical bounds are derived on the Laplacian eigenvalues which are functions of the degree correlation among the nodes. Moreover, in Sec. 4, the synchronization dynamics of a network of Rössler oscillators is studied. It is shown that synchronization is indeed enhanced, as expected from the theoretical derivation reported in the paper, when the network is characterized by disassortative mixing.
Degree Correlation: An Overview
Degree correlation has been experimentally detected in many real world networks. In [Newman, 2002] , this property has been measured by means of a single normalized index, the Pearson statistic r defined as follows:
where q k is the probability that a randomly chosen edge is connected to a node having degree k; σ q is the standard deviation of the distribution q k and e kk represents the probability that two vertices at the endpoints of a generic edge have degrees k and k , respectively. Positive values of r indicate assortative mixing, while negative values characterize disassortative networks.
In what follows, we focus on power-law distributed networks of order N , in which the probability of finding a node having degree k, scales as k −γ (higher values of γ result in a lower heterogeneity of the degree distribution). We consider all the networks characterized by the same values of the two macroscopic parameters, γ and r, as being part of the same ensemble (following a typical approach in the context of statistical mechanics). Then, we analyze how networks belonging to different ensembles behave differently in terms of (a) their synchronizability and (b) their synchronization dynamics.
Synchronizability of Degree Correlated Networks
In this section, networks are investigated with an assigned degree distribution but varying degree correlation properties. In order to allow the transition to networks characterized by different degree-degree correlation, the Monte Carlo procedure introduced in [Newman, 2003a] is used.
Our main results are summarized in Fig. 1(a) , where the effects of varying the degree correlation (measured through the degree correlation index r) on the Laplacian eigenratio R, are shown for different values of the degree distribution exponent γ. For all values of γ, we observe a reduction of R for decreasing values of the correlation coefficient r. This means that disassortative mixing enhances the network synchronizability. Interestingly, as depicted in
Figs. 1(b) and 1(c), we observe that, under variations of the correlation parameter, the changes in R seem to be mainly due to variations of λ 2 , while λ N , the largest eigenvalue of the Laplacian, is found to be practically independent from r. r r r r [Nishikawa et al., 2003 ] (on the left: (e) and (g)) and the ones obtained in this paper (on the right: (f) and (h)). The behavior of the actual eigenratio is plotted in Fig. 1(a) . The lines are guided by the eye. r r As discussed in [Nishikawa et al., 2003] , in the case of uncorrelated networks (r = 0), when γ is increased, synchronizability improves. We find that, as shown in Fig. 1(d) , this is still the case when degree correlation is introduced. Note that a consistent decrease of R for the same value of γ, is observed when the network is disassortative, i.e. for r < 0.
In this paper, the networks have been generated by means of the configuration model described in [Nishikawa et al., 2003; Molloy & Reed, 1995; Newman et al., 2001] . Note that the choice of this model is consistent with the analysis provided in Sec. 3.1, since it guarantees that all the nodes characterized by the same degree can be regarded as statistically equivalent. Moreover, in order to make our results directly comparable to those in [Nishikawa et al., 2003] , we have set the minimum degree to be k min = 5. Extensive numerical simulations have shown that the same qualitative behavior is observed for different values of the minimum degree and alternative network generation models. For example, in [di Bernardo et al., 2005] , the numerical effects were reported of varying degree correlation over both the Erdös-Renýi random model [Erdös & Renýi, 1960] and the Barabàsi-Albert scale-free model (γ = 3) [Barabasi & Albert, 1999] . The same qualitative behavior was also obtained for the static model introduced in [Goh et al., 2001] . Such model is better suited to study the synchronization of networks from a dynamical viewpoint. Specifically, it allows to compare different networks characterized by the same resources (number of vertices N and edges H) but such that the degree k is distributed according to different P (k) (note that this is not the case for the configuration model where the average degree, given by 2H/N is a quantity intrinsically dependent on γ).
An analytical explanation
In [Nishikawa et al., 2003] , analytical bounds were given to explain the changes observed in the eigenratio R as the parameter γ was varied in a scalefree network topology. We found that, as shown in Fig. 1 , the values of the upper bounds on R computed according to the formulas given in [Nishikawa et al., 2003] , give estimates which do not reproduce the behavior of the eigenratio under variation of the network degree correlation. Therefore, in this section, we shall seek to define new analytical bounds based on the mathematical theory of graph spectra.
As λ N was found to be almost independent from the correlation coefficient r [see Fig. 1(c) ], we will focus on estimating the effects of correlation on the eigenvalue λ 2 (as also done, e.g. in [Donetti et al., 2005] ), the parameter known as algebraic connectivity of graphs [Mohar, 1989a] . Specifically, given a graph, consider a subset of edges which disconnects the graph in two parts, also termed as a cut. For a given subset of vertices, say S, we define h G (S) as the quantity given by
where D(S) is the number of edges in the boundary of S and |S| < N/2, is the number of vertices in S. The Cheeger constant of a graph is given by h G = min S h G (S) and the so-called Cheeger inequality states that λ 2 ≤ h G [Cheeger, 1970] . We will show below that (3) can be successfully used to compute an upper bound on λ 2 . Let us suppose that the network nodes have been split in different classes C 1 , C 2 , . . . , C p according to their degree and that each class contains n 1 , n 2 , . . . , n p nodes respectively ( i n i = N ). Then the probability p i , that a generic vertex belongs to class C i is given by p i = n i /N . Hence, let us label as k i = 1/n i j∈C i k(j) the average degree of vertices belonging to the ith class. The probability of finding a vertex belonging to class C i at the end of a randomly chosen edge within the network is given
Following [Newman, 2002] , the presence of degree correlation with respect to the subdivision in p classes proposed above, can be estimated by using the coefficient r p , defined as
where σ q is the standard deviation of the distribution q i , w = (1, 2, . . . , p) T , q = (q 1 , q 2 , . . . , q p ) T and E = {e ij } ∈ R p×p , with e ij being the probability that a randomly chosen edge in the network connects nodes belonging to classes C i and C j . From (4), it is possible to derive the distribution of edges among the network vertices as a function of r p ,
where M is a symmetric matrix having all row sums equal to zero and appropriately normalized such that w T Mw = 1. Specifically, we can express M as follows:
where m = (m 1 , m 2 , . . . , m p ) T is a vector such that i m i = 0 (for instance, we can choose m such that m i ≤ m i+1 for i = 1, 2, . . . , p − 1 in order to have a convenient form of the matrix M with positive values near the main diagonal and negative values far away from it). Then it is possible to use a strategy similar to the one presented in [Newman, 2003a] , using the new coefficient r p , to generate networks with a given level of assortativity and a desired value of the degree correlation coefficient r p .
Let x i be the number of nodes in the subset S, belonging to class C i (i = 1, 2, . . . , p). Denote as y i = x i /n i the fraction of nodes in S drawn from each class C i (i = 1, 2, . . . , p) . Note that the subset S is not supposed to satisfy any particular condition, not even of being connected. Now, we observe that the number of edges in the boundary, say D(S), is given by the total number of edges starting from the vertices in S, less the interior of S, say I(S), which consists of the edges having both the endpoints in S.
We can estimate I and D as follows:
. . , y p ) T and H is the total number of edges in the network. Hence, h G (S) becomes:
under the constraint that n T y < N/2, where n is the vector (n 1 , n 2 , . . . , n p ) T . A numerical optimization algorithm can then be used to find the subset S that minimizes h G (y, r p ) in terms of y 1 , y 2 , . . . , y p (and subsequently r p ) and, in turn, an upper bound for λ 2 . Also, from (5) and (6), we get:
Since, for any vector y, (7) is satisfied, then we have that ∂h G /∂r p ≤ 0. Therefore, we can predict analytically that h G will be decreasing as the degree correlation is increased. As shown in Figs. 1(e) and 1(f), this is indeed what is observed with the new bound on λ 2 providing a better estimate with respect to the previous results in [Nishikawa et al., 2003 ], on the behavior of the eigenratio in terms of both changes in the degree distribution and the degree correlation. Another interesting inequality in spectral geometry is due to Mohar [Mohar, 1989b] :
where k max is the maximum degree at the vertices and h G = min S (D(S)/|S|) = 2H(y T q − y T Ey)/(n T y), with |S| < N/2. Using (8), we can also get a lower bound on λ 2 which, together with the upper bound, has been plotted in Fig. 1(g ) and compared to the bounds given in [Nishikawa et al., 2003 ] depicted in Fig. 1(h) . Then following an approach similar to the one used to compute the upper bound, it is easy to show that the lower bound in (8) has to decrease with r (note that when making the correlation change, the degree distribution is fixed and thus k max cannot vary with r). Therefore, since both the upper and the lower bounds have to decrease with r, λ 2 is also expected to have the same trend. As λ N has been found to be practically independent from R, the eigenratio λ N /λ 2 will increase for higher values of the correlation coefficient.
Hence, our analysis confirms the finding that disassortative networks synchronize better.
Effects of Degree Correlation on the Synchronization Dynamics: Numerical Results
We now simulate dynamically the synchronization of networks of identical oscillators, taking as a representative example the case of N coupled chaotic Rössler oscillators. We consider scale free network topologies for different values of the degree distribution exponent (γ = 2, 3) and of the degree correlation coefficient (r ∈ [−0.3, +0.3]). The dynamics at each node i is described by the following vector field, v i = (x i , y i , z i ):
where I(i) is the set of the neighbors of vertex i and σ is the strength of the coupling, identical for all the edges. To assess synchronization, following [Yook & Meyer-Ortmanns, 2005] , we define the order parameter µ(t) ∈ [0, 1] as:
where Θ(x) is the Heaviside function, i.e. Θ(x) = 1 if x ≥ 0 and Θ(x) = 0 otherwise,
The parameter δ is a small number to account for the finite numerical accuracy, e.g. δ = 0.001, so that two states in phase space lying inside a sphere of radius δ are considered as mutually being synchronized. The parameter µ(t) gives the fraction of pairs of elements (i, j) which are synchronized at time t To explore the effects of the network structure (degree distribution and degree correlation) on the dynamical synchronization process, we have performed several numerical simulations. The transition from a nonsynchronous to a synchronous phase, as function of the coupling strength σ, is reported in Fig. 2 . Specifically, the asymptotic value of the order parameter µ, has been computed for networks with different topological features. As can be observed by comparing the left and the right panels in Fig. 2 , homogenous networks (characterized by higher values of γ) synchronize better than heterogenous ones. This indicates that a high heterogeneity in the degree distribution can be harmful to the overall synchronization [Nishikawa et al., 2003] . Moreover, negative degree correlation is seen to enhance the network synchronizability, for all the values of γ considered. This is consistent with the predictions based on the eigenvalue analysis provided in Sec. 4 and confirms the beneficial role played by negative degree correlation for the networks synchronization in terms of the actual synchronization dynamics.
An exception is represented by the case of weak coupling (small values of σ), when the network structure is very heterogenous (e.g. for γ = 2), which has been highlighted in the left inset in Fig. 2 . It is worth stressing here that in such a case the theory introduced in [Pecora & Carroll, 1998 ] cannot be applied, since when the coupling is too low, so that only few of the oscillators are synchronized, the system is far from being in a neighborhood of the synchronization manifold. The investigation of this phenomenon is left for future work.
Generally, it is intuitive to understand why assortative mixing is an undesirable property terms of the network synchronization. Indeed, when the network exhibits positive degree correlation the formation is more likely of groups of vertices characterized by similar degrees, which are better connected among themselves than to the rest of the network. This results in the formation of clusters of nodes synchronized on a different evolution from the rest of the network.
The beneficial role played by disassortative mixing is instead surprising. One could expect in fact that the propensity of low-degree vertices to be connected to high-degree ones, could lead again to the formation of clusters within the network, resulting in worse synchronizability. Instead, the condition expressed by (7), indicates that for decreasing values of r p , the number of edges going out of any given subset, increases with respect to those belonging to its interior. This yields improved network connectivity and results in the enhanced synchronization dynamics observed in the case of disassortative networks.
Conclusions
We have studied the effects of degree correlation on the synchronizability of scale-free networks of coupled oscillators and their synchronization dynamics. Namely, after showing that negative degree correlation has a beneficial effect in terms of the synchronizability of a given network, we studied, as a representative example, the synchronization of networks of Rössler oscillators. Our findings show that negative correlation has a positive effect on the synchronization dynamics of such networks. This has immediate theoretical and experimental relevance for understanding the properties of real-world networks, indicating that negative correlation could be pointed out as a desirable network property in terms of synchronization. An interesting exception to this paradigm can be observed when the coupling is too weak to achieve synchronization over the whole network. The investigation of this phenomenon is work in progress and will be reported elsewhere.
